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THE GROUPS OF PL AND LIPSCHITZ HOMEOMORPHISMS OF
NONCOMPACT 2-MANIFOLDS
TATSUHIKO YAGASAKI
Abstract. Suppose M is a noncompact connected PL 2-manifold. In this paper we study the
topological property of the triple (H(M)0, H
PL(M)0,H
PL,c(M)0), where H(M)0 is the identity com-
ponent of the homeomorphism group H(M) of M with the compact-open topology, and HPL(M)0
and HPL,c(M)0 are the identity components of the subgroups consisting of PL-homeomorphisms ofM
and ones with compact supports. We show that this triple is a (s∞, σ∞, σ∞f )-manifold and determine
its topological type. We also study the subgroups of Lipschitz homeomorphisms.
1. Introduction
This article is a continuation of study of homeomorphism groups of 2-manifolds and related topics
[14, 15, 16, 17, 18]. The purpose of this paper is to study topological properties of the subgroups of PL
and Lipschitz homeomorphisms of 2-manifolds with the compact-open topology [15]. The property
of groups of quasiconformal homeomorphisms on Riemann surfaces are studied in [18].
For a manifold M and a subset X of M , let HX(M) denote the group of homeomorphisms h of
M onto itself with h|X = id, equipped with the compact-open topology. When M is a PL-manifold,
HPLX (M) denotes the subgroup of HX(M) consisting of PL-homeomorphisms, and when M has a
fixed metric, H
(loc) LIP
X (M) denotes the subgroup of (locally) Lipschitz homeomorphisms. In addition,
the superscript “c” means the compact supports and the subscript “0” means the identity connected
component.
WhenM is a compact PL 2-manifold and X is a subpolyhedron ofM , the pair (HX(M),H
PL
X (M))
is a (s, σ)-manifold [6]. (See Section 2 for the basic notions on infinite dimensional topological
manifolds.) We extend this result to the noncompact case. Suppose M is a noncompact connected
PL 2-manifold and X is a compact subpolyhedron of M . We have already shown that HX(M)0 is a
s-manifold and determined its topological type [17]:
(I) HX(M)0 ∼= s× S1 if (M,X) ∼= (R2, ∅), (R2, 1pt), (S1 × R1, ∅), (S1 × [0, 1), ∅) or (P2 \ 1pt, ∅)
(II) HX(M)0 ∼= s in all other cases,
where Rn is the Euclidean n-space, Sn is the n-sphere and P2 is the projective plane.
In this article we show that HPL,cX (M)0 has the homotopy negligible complement in HX(M)0.
By the characterization and homotopy invariance of infinite dimensional manifolds we obtain the
following conclusion:
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Theorem 1.1. If M is a noncompact connected PL 2-manifold and X is a compact subpolyhedron of
M , then (HX(M)0,H
PL
X (M)0,H
PL,c
X (M)0) is a (s
∞, σ∞, σ∞f )-manifold. This triple is homeomorphic
to (s∞, σ∞, σ∞f )× S
1 in the case (I) and to (s∞, σ∞, σ∞f ) in the case (II).
Next we incorporate subgroups of Lipschitz homeomorphisms. A Euclidean PL-manifold means
a (closed) subpolyhedron of a Euclidean space RN which is a PL-manifold with respect to this
triangulation and is equipped with the metric induced from the standard metric of RN . We have
shown that whenM is a compact Euclidean PL 2-manifold and X is a subpolyhedron ofM , the triple
(HX(M),H
LIP
X (M),H
PL
X (M)) is a (s,Σ, σ)-manifold [14]. The following is a noncompact version:
Theorem 1.2. If M is a noncompact connected Euclidean PL 2-manifold and X is a compact sub-
polyhedron of M , then the quadruples (HX(M)0,H
loc LIP
X (M)0,H
LIP,c
X (M)0,H
PL,c
X (M)0) and
(HX(M)0,H
loc LIP
X (M)0,H
LIP
X (M)0,H
PL,c
X (M)0) are (s
∞,Σ∞,Σ∞f , σ
∞
f )-manifolds. These quadruples
are homeomorphic to (s∞,Σ∞,Σ∞f , σ
∞
f ) × S
1 in the case (I) and to (s∞,Σ∞,Σ∞f , σ
∞
f ) in the case
(II).
Any smooth n-manifold M has a C1-triangulation [13] and it can be embedded into the (2n+ 1)-
dimensional Euclidean space as a subpolyhedron. Since this embedding is locally Lipschitz for any
Riemannian metric on M , Theorem 1.2 implies the corresponding statements on Riemannian 2-
manifolds. Since this embedding is not necessarily Lipschitz, to obtain a statement on subgroups of
Lipschitz homeomorphisms on noncompact Riemannian manifolds, we need to modify the proof itself
of Theorem 1.2.
Theorem 1.3. Suppose M is a connected Riemannian 2-manifold with a C1-triangulation and X is
a compact subpolyhedron of M .
(i) If M is compact and X 6=M , then (HX(M),H
LIP
X (M),H
PL
X (M)) is a (s,Σ, σ)-manifold.
(ii) IfM is noncompact, then (HX(M)0,H
loc LIP
X (M)0,H
LIP,c
X (M)0,H
PL,c
X (M)0) is a (s
∞,Σ∞,Σ∞f , σ
∞
f )-
manifold.
(iii) If M is a noncompact complete Riemannian manifold, then (HX(M)0,H
LIP
X (M)0,H
PL,c
X (M)0)
is a (s,Σ, σ)-manifold and (HX(M)0,H
loc LIP
X (M)0,H
LIP
X (M)0) is a (s
∞,Σ∞,Σ∞f )-manifold.
This paper is organized as follows: Section 2 contains some basic facts on infinite-dimensional
topological manifolds and a characterization of (s∞,Σ∞,Σ∞f , σ
∞
f )-manifolds. Its proof is included in
Section 5. In Sections 3 and 4 we show Homotopy absorption property, Class property and Stabil-
ity property of homeomorphism groups. Combined with the characterization of (s∞,Σ∞,Σ∞f , σ
∞
f )-
manifolds, these properties imply Theorems 1.1 – 1.3. Throughout the paper spaces are assumed to
be separable, metrizable and maps to be continuous. By C(X,Y ) we denote the space of maps from a
space X to a space Y with the compact-open topology. For a subset A of a metric space X, NX(A, ε)
denotes the ε-neighborhood of A in X.
2. Characterization of infinite-dimensional topological manifolds
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2.1. Basic facts on infinite-dimensional manifolds.
In this subsection we collect basic facts on infinite-dimensional manifolds. As for the model spaces
of infinite-dimensional manifolds we follow the standard convension: s = R∞ (∼= ℓ2), σ = {(xn) ∈ s :
xn = 0 (almost all n)}, Σ = {(xn) ∈ s : supn |xn| <∞}, σ
∞
f = {(xn) ∈ σ
∞ : xn = 0 (almost all n)},
Σ∞f = {(xn) ∈ Σ
∞ : xn = 0 (almost all n)} and s
∞
b = {(xn) ∈ s
∞ : supn,i |(xn)i| < ∞}. We note
that (a) (s∞,Σ∞f , σ
∞
f )
∼= (s,Σ, σ) [14, Theorem 1.1], (b) (s∞,Σ∞, σ∞f )
∼= (s∞, σ∞, σ∞f ) [14, Corollary
3.16], and (c) (s∞,Σ∞,Σ∞f , σ
∞
f )
∼= (s∞,Σ∞, s∞b , σ
∞
f ) (§5.3. Proposition 5.2).
We say that a subset Y has the homotopy negligible (h.n.) complement in X if there exists a
homotopy ϕt : X → X (0 ≤ t ≤ 1) such that ϕ0 = idX and ϕt(X) ⊂ Y (0 < t ≤ 1). The homotopy
ϕt is called an absorbing homotopy of X into Y . A space is σ-(fd-) compact if it is a countable union
of (finite dimensional) compact subsets. A tuple (X,X1, · · · ,Xn) means a tuple of a space X and its
subspaces X1 ⊃ · · · ⊃ Xn. Suppose (E,E1, · · · , En) is a model tuple. A tuple (X,X1, · · · ,Xn) is said
to be (E,E1, · · · , En)-stable if (X×E,X1×E1, · · · ,Xn×En) ∼= (X,X1, · · · ,Xn) (a homeomorphism
of tuples). We say that a tuple (X,X1, · · · ,Xn) is a (E,E1, · · · , En)-manifold if each point x in X
has a neighborhood U such that (U,U ∩X1, · · · , U ∩Xn) ∼= (E,E1, · · · , En). In this article we apply
the following characterization of (s∞,Σ∞,Σ∞f , σ
∞
f )-manifolds:
Theorem 2.1. A quadruple (X,X1,X2,X3) is a (s
∞,Σ∞,Σ∞f , σ
∞
f )-manifold iff
(i) X is a separable completely metrizable ANR,
(ii) (Homotopy absorption property) X3 has the h.n. complement in X,
(iii) (Class condition) X1 is Fσδ in X, X2 is σ-compact and X3 is σ-fd-compact,
(iv) (Stability) (X,X1,X2,X3) is (s
∞,Σ∞,Σ∞f , σ
∞
f )-stable.
The topological types of these manifolds are detected by their homotopy types.
Proposition 2.1. (Homotopy invariance) Suppose (X,X1,X2,X3) and (Y, Y1, Y2, Y3) are
(s∞,Σ∞,Σ∞f , σ
∞
f )-manifolds. Then (X,X1,X2,X3)
∼= (Y, Y1, Y2.Y3) iff X ≃ Y (homotopy equiva-
lent). In particular, if X has a homotopy type of a compact polyhedron P , then (X,X1,X2,X3) ∼=
(s∞,Σ∞,Σ∞f , σ
∞
f )× P .
In the above assertions, if we omit the conditions related to Σ∞ (respectively Σ∞f or σ
∞
f ) then we ob-
tain the characterization and homotopy invariance of manifolds modeled on (s,Σ, σ) ∼= (s∞,Σ∞f , σ
∞
f )
(respectively (s∞, σ∞, σ∞f )
∼= (s∞,Σ∞, σ∞f ) or (s
∞,Σ∞,Σ∞f )). Theorem 2.1 and Proposition 2.1 will
be proved in Section 5.
2.2. Proof of Theorems 1.1 – 1.3.
To prove Theorems 1.1 – 1.3 we have to check the conditions (i) – (iv) in Theorem 2.1. As for
the condition (i), if X is a locally compact, locally connected, separable metrizable space and A is a
closed subset of X, then HA(X) is a separable completely metrizable topological group. The ANR
property follows from [9], [17, Corollary 1.1]:
Proposition 2.2. Suppose M is a PL 2-manifold and X is a compact subpolyhedron of M . If M is
compact then HX(M) is an ANR, and if M is noncompact and connected then HX(M)0 is an ANR.
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The conditions (ii), (iii) and (iv) will be verified in Sections 3, 4.1 and 4.2 respectively. As mentioned
in Section 1, in the noncompact case the homotopy type of HX(M)0 is classified as follows [17,
Theorem 1.1]:
Proposition 2.3. Suppose M is a noncompact connected PL 2-manifold and X is a compact sub-
polyhedron of M .
(I) HX(M)0 ≃ S1 if (M,X) ∼= (R2, ∅), (R2, 1pt), (S1 × R1, ∅), (S1 × [0, 1), ∅) or (P2 \ 1pt, ∅),
(II) HX(M)0 ≃ ∗ in all other cases.
The assertions on topological type in Theorems 1.1 and 1.2 follow from Propositions 2.1 and 2.3.
In Section 3 we use the fact that the restriction map from a homeomoprhism group to an embed-
dding space is a principal bundle. We conclude this section with a statement on this fact [16, Corollary
1.1]: SupposeM is a PL 2-manifold and K ⊂ X are compact subpolyhedra of M . Let EK(X,M) de-
note the space of embeddings f : X →֒M with f |K = id, equipped with the compact-open topology.
We consider the subspace EK(X,M)
∗ = {f ∈ EK(X,M) : f(X ∩∂M) ⊂ ∂M, f(X ∩ IntM) ⊂ IntM}
(the space of proper embeddings). Let EK(X,M)
∗
0 denote the connected component of the inclusion
iX : X ⊂M in EK(X,M)
∗.
Proposition 2.4. For any open neighborhood U of X inM , the restriction map π : HK∪(M\U)(M)0 →
EK(X,U)
∗
0, π(f) = f |X , is a principal bundle with fiber G ≡ HK∪(M\U)(M)0 ∩ HX(M), where the
group G acts on HK∪(M\U)(M)0 by right composition.
3. Homotopy absorption property of HPLX (M)
The purpose of this section is to prove the next assertion:
Proposition 3.1. Suppose M is a PL 2-manifold and X is a compact subpolyhedron of M . If M is
compact then HPLX (M) has the h.n. complement in HX(M), and if M is noncompact connected then
HPL,cX (M)0 has the h.n. complement in HX(M)0.
We proceed to the verification of Proposition 3.1. The compact case is already known [6],cf. [16,
Fact 4.3]. Hence below we assume that M is noncompact and connected. We use the same notations
as in [16, Section 4]: We set M0 = X and write as M = ∪
∞
i=0Mi, where for each i ≥ 1 (a) Mi is a
nonempty compact connected PL 2-submanifold of M and Mi−1 ⊂ IntMMi, (b) for each component
L of cl (M \Mi), L is noncompact and L ∩Mi+1 is connected, and (c) M1 ∩ ∂M 6= ∅ if ∂M 6= ∅.
Taking a subsequence, we have the following cases: (i) each Mi is a disk, (ii) each Mi is an annulus
(the inclusion Mi ⊂Mi+1 is essential), (iii) each Mi is a Mo¨bius band, and (iv) each Mi is not a disk,
an annulus or a Mo¨bius band. We choose a metric d on M with d ≤ 1 and metrize HX(M) by the
metric ρ defined by
ρ(f, g) =
∞∑
i=1
1
2i
sup
x∈Mi
d(f(x), g(x)).
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We also use the following notations: Let Uj = IntMMj and Lj = FrMMj (j ≥ 1). For j > i ≥ 0
let Hj = HX∪(M\Uj)(M)0, U
i
j = EX(Mi, Uj)
∗
0, and let π
i
j : Hj → U
i
j and π
i : HX(M)0 → EX(Mi,M)
∗
0
denote the restriction maps (πij(h) = π
i(h) = h|Mi). Let V
i
j = (π
i)−1(U ij).
By Proposition 2.4 the maps πij and π
i are principal bundles. Our stratigy is to use these bundles
in order to reduce the noncompact case to the compact case. In [16] we have shown
Lemma 3.1. (i) Hj ∼= HX∪Lj (Mj)0 is an AR .
(ii) U ij is open in EX(Mi,M)
∗
0, clU
i
j ⊂ U
i
j+1 and EX(Mi,M)
∗
0 = ∪j>i U
i
j .
(iii) HX(M)0 = ∪j>i V
i
j , cl V
i
j ⊂ V
i
j+1 (j > i) and V
i+1
j ⊂ V
i
j (j > i+ 1).
(iv) The restriction map πij : Hj → U
i
j is a principal bundle with structure group G
i
j ≡ Hj∩HMi(M)
∼=
HX∪Lj (Mj)0 ∩HMi∪Lj (Mj).
(v) In the case (II), for each j > i ≥ 0, (a) Gij is an AR (
∼= HMi∪Lj (Mj)0), (b) π
i
j : Hj → U
i
j is a
trivial bundle and (c) U ij is also an AR.
Proof of Proposition 3.1. Case (II): The assertion will be verified in the next four steps:
(1) For each i ≥ 1 there exists a map si : EX(Mi,M)
∗
0 → H
c
X(M)0 such that s
i(h)|Mi = h (h ∈
EX(Mi,M)
∗
0) and s
i(clU ij) ⊂ Hj+1 (j > i).
(2) There exists a homotopy G : HX(M)0× [0, 1]→HX(M)0 such that (a) G0 = id and Gt(HX(M)0)
⊂ H cX(M)0 (0 < t ≤ 1) and (b) each (h, t) ∈ HX(M)0 × (0, 1] admits a neighborhood W such that
G(W) ⊂ Hi for some i ≥ 1.
(3) There exists a function Φ : H cX(M) × [0, 1] → H
c
X(M) such that Φ0 = id, Φt(H
c
X(M)) ⊂
HPL,cX (M) (0 < t ≤ 1) and Φ|HX∪(M\Ui)(M)×[0,1]
is continuous for each i ≥ 1.
(4) There exists a homotopy F : HX(M)0 × [0, 1]→HX(M)0 such that F0 = id and Ft(HX(M)0) ⊂
HPL,cX (M)0 (0 < t ≤ 1).
Proof. (1) Since the restriction map πij : Hj → U
i
j is a trivial bundle with an AR fiber and Hj ⊂ Hj+1,
inductively we can construct a section sij : clU
i
j →Hj+1 of π
i
j+1 such that s
i
j+1|clU ij
= sij (j > i). The
section si is defined by si|clU ij = s
i
j.
(2) We replace the interval [0, 1] by [1,∞]. For each i ≥ 1 let Gi = siπi : HX(M)0 → H cX(M)0.
We have Gi(cl V
i
j) ⊂ Hj+1 and Gi(h)|Mi = h|Mi . Since π
i
j : Hj → U
i
j is a trivial bundle with an
AR fiber, using the “fiber preserving” absolute extension property, we can inductively construct a
sequence of homotopies gj : cl V i+1j × [i, i + 1] → Hj+1 (j > i + 1) such that g
j
i = Gi, g
j
i+1 = Gi+1,
gj+1|
clVi+1j ×[i,i+1]
= gj and gjt (h)|Mi = h|Mi . Hence we can define a homotopy G : HX(M)0×[i, i+1]→
H cX(M)0 by G|clVi+1j ×[i,i+1]
= gj . Since Gt(h)|Mi = h|Mi for t ≥ i, we can continuously extend G
by G∞ = id. Since G(cl V
i+1
j × [i, i + 1]) ⊂ Hj+1 (j > i + 1), the homotopy satisfies the required
conditions.
(3) Since (Xi, Yi) ≡ (HX∪(M\Ui)(M),H
PL
X∪(M\Ui)
(M)) ∼= (HX∪Li(Mi),H
PL
X∪Li
(Mi)), from Proposi-
tion 2.2 and Proposition 3.1 (Compact case) it follows that Xi is an ANR and Yi has the h.n. comple-
ment in Xi. Inductively we can construct a sequence of homotopies ϕ
i : Xi× [0, 1]→ Xi (i ≥ 1) such
that ϕi0 = id, ϕ
i
t(Xi) ⊂ Yi (0 < t ≤ 1) and ϕ
i+1|Xi×[0,1] = ϕ
i. In fact, since Xi+1 is an ANR, given ϕ
i,
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we have a homotpy ψt : Xi+1 → Xi+1 such that ψ0 = id and ψ|Xi×[0,1] = ϕ
i. Let ft be an absorbing ho-
motopy ofXi+1 into Yi+1 and take a map α : Xi+1×[0, 1]→ [0, 1] with α
−1(0) = Xi+1×{0}∪Xi×[0, 1].
The desired homotopy ϕi+1 is defined by ϕi+1(x, t) = f(ψ(x, t), α(x, t)). Since H cX(M) = ∪iXi and
HPL,cX (M) = ∪iYi, the required function Φ is defined by Φ|Xi×[0,1] = ϕ
i (i ≥ 1).
(4) We define a function H : HX(M)0 × (0, 1] × [0, 1] → H
c
X(M) by H(h, t, s) = Φ(G(h, t), s).
By (2) and (3) it follows that H is continuous and H(h, t, 0) = G(h, t). Choose a small map α :
HX(M)0 × (0, 1] → (0, 1] such that ρ(H(h, t, α(h, t)), G(h, t)) < t ((h, t) ∈ HX(M)0 × (0, 1]) and
define the homotopy F : HX(M)0 × [0, 1]→HX(M) by
F (h, t) =
{
h (= G0(h)) t = 0
H(h, t, α(h, t)) 0 < t ≤ 1
Then F is continuous and it follows that ImF ⊂ HX(M)0 and F (H
PL,c
X (M)0 × [0, 1] ∪ HX(M)0 ×
(0, 1]) = HPL,cX (M)0. This completes the proof.
Case (I): In this case HX(M) is an ANR, and the conclusion follows from the next lemma.
Lemma 3.2. If HX(M) is an ANR, then H
PL,c
X (M)0 has the h.n. complement in HX(M)0.
Proof. We verify the following assertion:
(∗) Every h ∈ HX(M)0 admits an open neighborhood V and a homotopy ϕ : V × [0, 1]→ HX(M)0
such that ϕ0 is the inclusion V ⊂ HX(M)0 and ϕt(V) ⊂ H
PL,c
X (M)0 (0 < t ≤ 1).
This easily implies that HX(M)0 itself admits an absorption homotopy into H
PL,c
X (M)0 (cf. [16, Fact
4.1 (i)]). Consider the bundle HM1(M) ⊂ HX(M)→ EX(M1,M)
∗ (over its image) (cf. Proof of [16,
Corollary 1.1], [15, Corollary 2.1]). From the assumption it follows that HM1(M) is also an ANR,
in which HM1(M)0 is open, and HMi(M) ⊂ HM1(M)0 for some i ≥ 1 since diamHMi(M) ≤ 1/2
i.
Let h ∈ HX(M)0 and consider the restriction map π
i : HX(M)0 → EX(Mi,M)
∗
0. By Lemma 3.1 (ii)
h|Mi ∈ U
i
j for some j > i. Since the map π
i
j : Hj → U
i
j is locally trivial, it has a section s over an open
neighborhood U of h|Mi in U
i
j . Then V = (π
i)−1(U) is an open neighborhood of h in HX(M)0 and
for any g ∈ V we have s(g|Mi)
−1g ∈ HMi(M) ⊂ HM1(M)0. By Proposition 3.1 Case (II), H
PL,c
M1
(M)0
has the h.n. complement in HM1(M)0. Since (Hj ,H
PL
X∪(M\Uj)
(M)0) ∼= (HX∪Lj (Mj)0,H
PL
X∪Lj
(Mj)0),
by Proposition 3.1 (Compact case), HPL
X∪(M\Uj)
(M)0 also has the h.n. complement in Hj. Let ψt and
χt are the corresponding absorbing homotopies. Then the required absorbing homotopy ϕt is defined
by ϕt(g) = χt(s(g|Mi))ψt(s(g|Mi)
−1g) (g ∈ V).
Example 3.1. (1) In general, H cX(M) = ∪i≥1HX∪(M\Ui)(M), but H
c
X(M)0 % ∪i≥1Hi. For example,
let (M,X) = (S1 × [0,∞),S1 × {0}) and define ht ∈ H cX(M) (1 ≤ t < ∞) as the Dehn twist on the
annulus S1 × [t, t+ 1] and h∞ = idM . Then ht (1 ≤ t ≤ ∞) is a path in H cX(M)0. However one can
easily see that ht 6∈ ∪i≥1Hi for any 1 ≤ t <∞.
(2) We will identify R2 with C. The rotation map f : S1 → H(R2)0, f(z)(x) = zx (z ∈ S1, x ∈ C)
is a homotopy equivalence (cf [7]). By Proposition 3.1 we can absorb f into Hc(R2)0(= Hc(R2)). In
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fact, we can explicitly define an absorbing homotopy F : S1 × [0, 1] → H(R2)0 such that F0 = f ,
Ft(S1) ⊂ Hc(R2)0 (0 < t ≤ 1) in the following way: Choose any homeomorphism α : [0, 2π) ∼= [1,∞)
and, replacing [0, 1] by [0,∞], define F by (a) F∞ = f and (b) for z = e
iθ (0 ≤ θ < 2π), 0 ≤ t < ∞
and x ∈ R2
F (z, t)(x) =


zx |x| ≤ α(θ) + t,
eisθx α(θ) + t ≤ |x| ≤ α(θ) + t+ 1 and s = α(θ) + t+ 1− |x|,
x |x| ≥ α(θ) + t+ 1.
4. Stability and class property of homeomorphism groups
4.1. Class property of homeomorphism groups.
When (X, d) and (Y, ρ) are metric spaces, a map f : X → Y is said to be K-Lipschitz (K ≥ 1)
if ρ(f(x), f(y)) ≤ Kd(x, y) for any x, y ∈ X. A map f is Lipschitz if it is K-Lipschitz for some
K ≥ 1, and f is locally Lipschitz if each x ∈ X has a neighborhood U such that f |U : U → Y is
Lipschitz. Every locally Lipschitz map is Lipschitz over any compact subsets. A (locally) Lipschitz
homeomorphism is a homeomorphism f such that both f and f−1 are (locally) Lipschitz. A Lipschitz
embedding is a Lipschitz homeomorphism onto its image.
A metric space is proper if any closed bounded subset is compact. A Euclidean polyhedron X is a
(closed) subpolyhderon of a Euclidean space with the induced metric. It follows that X is a proper
metric space and that HPL(X) ⊂ Hloc LIP(X) [11].
Lemma 4.1. (1) If X is a locally compact polyhedron and A is a closed subset of X, then HPLA (X)
is Fσδ in HA(X) and H
PL,c
A (X) is σ-fd-compact [5], [14, Lemma 3.14].
(2) Suppose X = (X, d) is a locally compact, locally connected separable metric space and A is a
closed subset of X. (i) HlocLIPA (X) is Fσδ in HA(X), and H
LIP,c
A (X) is σ-compact [14, Lemma 3.14].
(ii) If X is a proper metric space, then HLIPA (X) is also σ-compact.
Proof. (2)(ii) Choose a point x0 ∈ X and let Br = {x ∈ X | d(x, x0) ≤ r} (r ≥ 0). Since X is proper,
Br is compact. For K ≥ 1 and r ≥ 0 consider the subspace
HKr =
{
f ∈ HLIP(M) |
1
K
d(x, y) ≤ d(f(x), f(y)) ≤ Kd(x, y) (x, y ∈ X), f(x0), f
−1(x0) ∈ Br
}
.
Since HLIP(M) = ∪∞n=1H
n
n, it suffices to show that each H
K
r is compact. For each f ∈ H
K
r we have
f(Bk), f
−1(Bk) ⊂ Brk , where rk = r +Kk. By the Ascoli-Arzela` theorem, the space of K-Lipschitz
maps from Bk to Brk , C
K-LIP(Bk, Brk), is compact, and the map
ϕ : HKr →
(
∞∏
k=1
CK-LIP(Bk, Brk)
)2
, ϕ(f) = ((f |Bk)k, (f
−1|Bk)k)
is a closed embedding. Thus HKr is compact as required.
Suppose M is a connected Riemannian n-manifold. We always assume that M is equipped with
the path metric dM induced from the Riemannian metric of M . We say that M is complete if the
metric dM is complete. In this case (M,dM ) is a proper metric space [12, Hopf - Rinow Theorem
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p. 111]. Suppose M has a C1-triangulation. As a polyhedron, M admits a PL-homeomorphism h
onto a connected Euclidean polyhedron Y ⊂ RN (N = 2n+1). The standard metric of RN is denoted
by d.
Lemma 4.2. The PL-homeomorphism h : (M,dM )→ (Y, d) is a locally Lipschitz homeomorphism.
Proof. We define a compatible metric ρY of Y by
ρY (x, y) = inf {L(α) | α is a PL-path in Y joining x and y}
where L(α) is the length of a path α in (RN , d).
First we note that id : (Y, d) → (Y, ρY ) is a locally Lipschitz homeomorphism. This follows from
the following observations: (i) We may assume that Y is compact. (ii) In general, if K and L are
compact connected Euclidean polyhedra and f : K → L is a PL-map, then f : (K, ρK) → (L, ρL) is
a Lipschitz map. (iii) Take any regular neighborhood N of Y in RN and a PL-retraction r : N → Y .
Then N contains a ε-neighborhood N(Y, ε) for some small ε > 0. It follows that r : (N, ρN )→ (Y, ρY )
is Lipschitz and ρN (x, y) = d(x, y) for x, y ∈ Y with d(x, y) < ε, so that id : (Y, d) → (Y, ρY ) is also
Lipschitz.
It remains to show that h : (M,dM )→ (Y, ρY ) is a locally Lipschitz homeomorphism. Let T denote
the C1-triangulation of M . Subdividing T if necessary, we may assume that h is simplicial on each
simplex of T . Since T is a C1-triangulation, for each n-simplex σ ∈ T the restriction h : σ → h(σ) is
C1-diffeomorphism and there is a constant Kσ ≥ 1 such that for each piecewise C
1-curve α in σ
1
Kσ
LM (α) ≤ L(h(α)) ≤ KσLM (α).
We show that h is locally Lipschitz. A similar argument shows that h−1 is also locally Lipschitz.
Let x be any point of M and U be a strongly convex open neighborhood of x in M (cf. [12, Ch.
IV, §5]) containd in a compact subcomplex S of T . Let K = max{Kσ | σ
n ∈ S}. Any points y and
z in U can be joined by a unique shortest geodesic α of M contained in U . For any ε > 0 we can
find a piecewise C1-curve β in U joining y and z such that LM (β) < LM (α) + ε and β decomposes
into subcurves βi so that each βi is contained in an n-simplex σi ∈ S (cf. [8, Ch.3. Theorem 2.1]).
Then L(h(β)) ≤ K LM (β). Since dM (y, z) = LM (α) and ρY (h(y), h(z)) ≤ L(h(β)), it follows that
ρY (h(y), h(z)) ≤ K dM (y, z).
Suppose X is a compact subpolyhedron of M and let A = h(X). By Lemma 4.2 the homeomor-
phism h induces a homeomorphism of tuples
h# : (HX(M),H
loc LIP
X (M),H
LIP,c
X (M),H
PL
X (M),H
PL,c
X (M))
∼=
−→ (HA(Y ),H
loc LIP
A (Y ),H
LIP,c
A (Y ),H
PL
A (Y ),H
PL,c
A (Y ))
If h is a Lipschitz homeomorphism, then we can include HLIPX (M) in the above tuple. However, the
author does not know whether every complete Riemannian manifold with a C1-triangulation admits
a Lipschitz PL-embedding into a Euclidean space (or a Hilbert space).
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4.2. Stability property of homeomorphism groups.
K. Sakai and R.Y.Wong showed that the triple (H(X),HLIP(X)HPL(X)) is (s,Σ, σ)-stable for
every Euclidean polyhedron X, by using the Morse’s µ-length of arcs [11]. In the case where Y is
noncompact we can verify a more precise statement. In this subsection we do not assume that a tuple
(X,X1, · · · ,Xℓ) satisfies the inclusion relation: Xi ⊃ Xj (1 ≤ i < j ≤ ℓ)
Proposition 4.1. Suppose X is a Euclidean polyhedron and A is a compact subpolyhedron of X such
that dim (X \A) ≥ 1.
(i) (HA(X),H
loc LIP
A (X),H
LIP
A (X),H
LIP,c
A (X),H
PL
A (X),H
PL,c
A (X)) is (s,Σ,Σ,Σ, σ, σ)-stable.
(ii) If X is noncompact and dim (X \K) ≥ 1 for any compact subset K of X (or equivalently, any
triangulation of X contains infinitely many 1-simplices), then this tuple is (s∞,Σ∞, s∞b ,Σ
∞
f , σ
∞, σ∞f )-
stable
For Riemannian manifolds with C1-triangulations we have the following version:
Proposition 4.2. Suppose M is a connected Riemannian n-manifold with a C1-triangulation and
X is a compact subpolyhedron of M with X 6=M .
(i) (HX(M),H
loc LIP
X (M),H
LIP
X (M),H
LIP,c
X (M),H
PL
X (M),H
PL,c
X (M)) is (s,Σ,Σ,Σ, σ, σ)-stable.
(ii) IfM is noncompact, then (HX(M),H
loc LIP
X (M),H
LIP,c
X (M),H
PL
X (M),H
PL,c
X (M)) is (s
∞,Σ∞,Σ∞f ,
σ∞, σ∞f )-stable.
(iii) If M is noncompact and contains a sequence of points pk (k = 1, 2, · · · ) such that dM (pk, pℓ) ≥ ε
(k 6= ℓ) for some constant ε > 0, then (HX(M),H
loc LIP
X (M),H
LIP
X (M),H
LIP,c
X (M)) is (s
∞,Σ∞, s∞b ,Σ
∞
f )-
stable.
In Propositions 4.1 and 4.2 each stability homeomorphism preserves the identity component part.
The statements (i), (ii) in Proposition 4.2 follows from Proposition 4.1 (i), (ii) and Lemma 4.2,
while the statement (iii) follows from the direct argument similar to the proof of Proposition 4.1,
with replacing straight segments by geodesics. This direct argument does not enable us to include
the subgroups of PL-homeomorphisms.
In order to verify Proposition 4.1 and 4.2 in a systematic way, we have to clarify the stability
argument in [11] and extract some conditions under which the stability homeomorphisms preserve
the subspaces of tuples in Proposition 4.1 and 4.2. For this purpose first we recall the definition and
basic properties of the Morse’s µ-length of arcs:
Suppose (X, d) is a metric space and A is an arc (or a point) in X. The arc A admits a canonical
linear order ≤ unique up to the inversion. For each k ≥ 1 let Sk = {(a0, a1, · · · , ak) ∈ A
k+1 | a0 ≤
a1 ≤ · · · ≤ ak} and define δ(a) = min{d(ai−1, ai) | i = 1, · · · , k} (a = (a0, · · · , ak) ∈ Sk) and
µk(A) = sup{δ(a) | a ∈ Sk}. The µ-length of A is defined as µ(A) =
∑∞
k=1 2
−kµk(A). If A is a
point, then µ(A) = 0. For example, µ([a, b]) = (b− a)
∞∑
n=1
1
n 2n
for any closed interval [a, b] ⊂ R. The
following facts are easily verified from the definition ([11, §1. pp. 197–202]).
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Lemma 4.3. (i) If A1 is a subarc of A and A1 6= A, then µ(A1) < µ(A).
(ii) The functions E([−1, 1],X) × [−1, 1] → [0,∞), (f, t) 7→ µ(f([−1, t])), (f, t) 7→ µ(f([t, 1])), are
continuous.
(iii) For each f ∈ E([−1, 1],X), there is a unique tf ∈ (−1, 1) such that µ(f([−1, tf ])) = µ(f([tf , 1])).
The function E([−1, 1],X) → (−1, 1), f 7→ tf , is continuous.
(iv) Suppose f : (A, dA)→ (X, dX ) is an embedding of an arc A.
(a) If f is K-Lipschitz (i.e., K > 0 and dY (f(x), f(y) ≤ K dA(x, y) (x, y ∈ X)), then µ(f(A)) ≤
K µ(A).
(b) If f is c-similar (i.e., c > 0 and dY (f(x), f(y)) = c dX (x, y) (x, y ∈ X)), then µ(f(A)) = c µ(A).
(v) If f ∈ E([−1, 1],X) is a c-similar embedding (c > 0) and g ∈ E(X,Y ) is a K-Lipschitz embedding
(K ≥ 1), then tf = 0 and |tgf | ≤
K2 − 1
K2 + 1
< 1.
Proof. (v) The value t = tgf satisfies the following equations:
µ(gf([−1, t])) = µ(gf([t, 1])), (Definition of t)

1
K
µ(f([−1, t])) ≤ µ(gf([−1, t])) ≤ Kµ(f([−1, t]))
1
K
µ(f([t, 1])) ≤ µ(gf([t, 1])) ≤ Kµ(f([t, 1]))
(g is a K-Lipschitz embedding)


µ(f([−1, t])) = c(t+ 1)
∑
∞
m=1
1
m 2m
µ(f([t, 1])) = c(1− t)
∑
∞
m=1
1
m 2m
(f is c-similar)
Thus
1
K
(t+ 1) ≤ K(1− t) and
1
K
(1 − t) ≤ K(t+ 1), and so |t| ≤
K2 − 1
K2 + 1
.
Example 4.1. (i) If X is a normed linear space and f ∈ E([a, b],X) is affine linear, then f is c-similar
for c = ‖f(b)− f(a)‖/(b − a).
(ii) If M is a connected Riemannian manifold and f ∈ E([a, b],M) is a shortest geodesic of constant
velocity c > 0, then f is a c-similar embedding.
Next we recall the construction of the stability homeomorphism in [11]. Below we regard as
s =
∏∞
i=1(−1, 1) (instead of R
∞) so that Σ = {(xn) ∈ s : supn |xn| < 1}.
In Rn we use the norm defined by ‖x‖1 =
∑n
i=1 |xi| (x = (xi) ∈ R
n). Let Bn = {x ∈ Rn | ‖x‖1 ≤ 1}.
We identify the interval [−1, 1] with the segment in Bn connecting the two vertices (±1, 0, · · · , 0).
For t ∈ (−1, 1) we define λ(t) ∈ HPL∂ (B
n) by
λ(t)(x) = x+ ((1 − ‖x‖1) t, 0, · · · , 0) (x ∈ B
n).
The function λ : (−1, 1)→HPL∂ (B
n) is continuous.
For each i ≥ 1 let ai = (
1
2i
, 0, · · · , 0) ∈ Rn and ci = 12i+2 , and define a ci-similar transformation αi :
Rn → Rn by αi(x) = cix+ai. Let Bni = αi(B
n). Note that Bni = {x ∈ R
n | ‖x−ai‖1 ≤ ci} ⊂ IntB
n,
αi([−1, 1]) = B
n
i ∩ [−1, 1] and B
n
i ∩ B
n
j = ∅ for i 6= j. For t ∈ (−1, 1) we define λi(t) ∈ H
PL
∂ (B
n
i ) by
λi(t) = αiλ(t)α
−1
i .
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For each t = (ti) ∈ s, we define λ(t) ∈ H∂(B
n) by λ(t) = λi(ti) on B
n
i and λ(t) = id on B
n\∪∞i=1B
n
i .
The function λ : s→H∂(B
n) is continuous.
(I) Suppose X is a space, Y is a metric space, ϕ : Bn → X is an embedding such that ϕ(IntBn) is
open in X, and χ : s2 ∼= s is a homeomorphism. Let F = {f ∈ C(X,Y ) | f : ϕ([−1, 1]) → Y is an
embedding}. For these data, the stability homeomorphism Φ : F × s→ F is defined as follows:
(1) (a) For each f ∈ F and i ≥ 1 there exists a unique t = ti(f) ∈ (−1, 1) such that µ(f(ϕ(αi([−1, t])))) =
µ(f(ϕ(αi([t, 1])))). Define a map F : F → s by F (f) = (ti(f))i.
(b) Define a map G : s → HX\ϕ(IntBn)(X) by G(t) = ϕλ(t)ϕ
−1 on ϕ(Bn) and G(t) = id on
X \ ϕ(IntBn) for t ∈ s.
(2) We have reciplocal homeomorphisms{
Φ′ : F → F−1(0)× s, Φ′(f) = (fG(F (f)), F (f))
Ψ′ : F−1(0)× s→ F , Ψ′(f, t) = fG(t)−1
The stability homeomorphism Φ : F × s→ F is defined as the composition
F × s
Φ′×1
−→ (F−1(0)× s)× s ∼= F−1(0)× s2
1×χ
−→ F−1(0)× s
Ψ′
−→ F
To show the stability property in the noncompact case we use a sequence of embeddings of Bn into
X.
(II) Suppose X is a noncompact space, Y is a metric space, ϕk : B
nk → X, nk ≥ 1, (k ≥ 1) is
a sequence of embeddings such that ϕk(IntB
nk) is open in X, ϕk(B
nk) ∩ ϕl(B
nl) = ∅ (k 6= l) and
{ϕk(B
nk)}k is discrete in X, and χ : (s
∞)2 ∼= s∞ is a homeomorphism. Let F = {f ∈ C(X,Y ) | f :
ϕk([−1, 1]) → Y is an embedding for each k ≥ 1}. The stability homeomorphism Φ : F × s
∞ → F is
defined as follows:
(0) For each k ≥ 1 and i ≥ 1, as in the last paragraph we have the ci-similar transformation
αk,i : Rnk → Rnk and the maps λk : (−1, 1) → HPL∂ (B
nk), λk,i : (−1, 1) → H
PL
∂ (B
nk
i ) and λk : s →
H∂(B
nk).
(1) We define two maps F : F → s∞ and G : s∞ →HX\∪k ϕk(IntBnk )(X) by:
(i) F (f) = ((tk,i)i)k ∈ s
∞, where tk,i = tfϕkαk,i (by definition, t = tfϕkαk,i is the unique t ∈ (−1, 1)
such that µ(f(ϕk(αk,i([−1, t])))) = µ(f(ϕk(αk,i([t, 1])))).
(ii) G(t) = ϕkλk(tk)ϕ
−1
k on ϕk(B
nk) and G(t) = id on X \ ∪kϕk(B
nk) for t = (tk)k ∈ s
∞.
(2) The reciplocal homeomorphisms Φ′ : F → F−1(0) × s∞ and Ψ′ : F−1(0) × s∞ → F , and the
stability homeomorphism Φ : F × s∞ → F are defined by the same formulae.
(3) The maps F , G and Φ have the following properties:
Lemma 4.4. (i) Suppose F1 ⊂ F and S1 ⊂ s
∞ are subsets and G1 ⊂ H(X) is a subgroup. If (a)
F (F1) ⊂ S1, (b) G(S1) ⊂ G1, (c) fg ∈ F1 for any f ∈ F1 and g ∈ G1 and (d) χ(S
2
1) = S1, then
Φ(F1 × S1) = F1.
(ii) When Y = X, if (e) F (idX ) = 0, G(0) = idX and χ(0,0) = 0, then Φ(idX ,0) = idX .
Proof. (i) The assumption implies that Φ′(F1) = (F
−1(0)∩F1)×S1 and Ψ
′((F−1(0)∩F1)×S1) = F1.
(ii) Set F1 = G1 = {idX} and S1 = {0}.
Lemma 4.5. (i) Let f ∈ F and F (f) = ((tk,i)i)k ∈ s
∞.
(a) If ϕℓ : [−1, 1] → X is a similar embedding and f : ϕℓ([−1, 1]) → Y is a K-Lipschitz embedding,
then |tℓ,i| ≤
K2−1
K2+1
(i ≥ 1).
(b) If fϕℓ : [0, aj + cj ]→ Y is a similar embedding, then tℓ,i = 0 (i ≥ j).
(ii) Let t = (tk)k ∈ s
∞.
(a) If ϕℓ : B
nℓ → X is a similar (L-Lipschitz) embedding and tℓ ∈ [−s, s]
∞ (0 ≤ s < 1), then
G(t) : ϕℓ(B
nℓ)→ ϕℓ(B
nℓ) is a 1/(1 − s)-Lipschitz (L2/(1− s)-Lipschitz) homeomorphism.
(b) If X is a polyhedron, ϕℓ is a PL-embedding and tℓ ∈ σ, then G(t) : ϕℓ(B
nℓ) → ϕℓ(B
nℓ) is a
PL-homeomorphism.
(c) If tℓ = 0, then G(t) = id on ϕℓ(B
nℓ).
Proof. The statement (i) follows from Lemma 4.3 (v) and the definition of tℓ,i. The statement (ii)
follows from the next facts:
(a) If tℓ ∈ [−s, s]
∞ (0 ≤ s < 1), then λℓ(tℓ) : B
nℓ → Bnℓ is a 11−s -Lipschitz homeomorphism [11,
p. 201]. (b) If tℓ ∈ σ, then λℓ(tℓ) is a PL-homeomorphism. (c) λℓ(0) = idBnℓ .
If we replace s∞ by s and omit the indices k and ℓ in Lemmas 4.4 and 4.5, then we obtain the
corresponding statements for the case (I).
In the proofs of Propositions 4.1 (i) and 4.2 (i) we apply the construction (I).
Proof of Proposition 4.1 (i). We choose any homeomorphism χ : (s2,Σ2, σ2) ∼= (s,Σ, σ) with χ(0,0) =
0 and a similar affine embedding ϕ : Bn → IntC, where C is a principal simplex of in X \ A of
n ≡ dimC ≥ 1. For Y = X, ϕ and χ we obtain the stability homeomorphism Φ : F × s→ F .
The following pairs (F1, S1) (G1 = F1) satisfy the conditions (a) – (d) in Lemma 4.4:
(HA(X), s), (H
loc LIP
A (X),Σ), (H
LIP
A (X),Σ), (H
LIP,c
A (X),Σ), (H
PL
A (X), σ), (H
PL,c
A (X), σ)
In fact, the conditions (a) and (b) follow from Lemma 4.5 (i) and (ii) respectively and (c) is obvious.
Thus Φ induces the required stability homeomorphism of tuples. Since Φ(idX ,0) = idX , it follows
that Φ((F1)0 × S1) = (F1)0 for each pair (F1, S1).
Proof of Proposition 4.2 (i). Choose a PL-homeomorphism h :M → Y onto a Euclidean polyhedron
and let A = h(X). By Lemma 4.2 h induces a homeomorphism of tuples, defined by h#(f) = hfh−1:
h# : (HX(M),H
loc LIP
X (M),H
LIP
X (M),H
LIP,c
X (M),H
PL
X (M),H
PL,c
X (M))
∼= (HA(Y ),H
loc LIP
A (Y ),F1,H
LIP,c
A (Y ),H
PL
A (Y ),H
PL,c
A (Y ))
where F1 = h
#(HLIPX (M)). It suffices to show that the latter tuple is (s,Σ,Σ,Σ, σ, σ)-stable.
Let F , G and Φ be the maps given in the proof of Proposition 4.1 (i) for (Y,A). Then F (Hloc LIPA (Y )) ⊂
Σ and G(Σ) ⊂ HLIP,cA (Y ). Since H
loc LIP
A (Y ) ⊃ F1 ⊃ H
LIP,c
A (X), the data F1, Σ and G1 = H
LIP,c
A (Y )
satisfy the conditions (a) – (d) in Lemma 4.4, and this implies that Φ(F1×Σ) = F1. This completes
the proof.
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In the proofs of Propositions 4.1 (ii) and 4.2 (iii) we apply the construction (II) using the homeo-
morphism
χ : ((s∞)2, (Σ∞)2, (s∞b )
2, (Σ∞f )
2, (σ∞)2, (σ∞f )
2) ∼= (s∞,Σ∞, s∞b ,Σ
∞
f , σ
∞, σ∞f )
χ((t1, t2, · · · ), (s1, s2, · · · )) = (t1, s1, t2, s2, · · · )
Proof of Proposition 4.1 (ii). We choose (a) a triangulation T of X with diamC ≤ 1 for each simplex
C of T , (b) a sequence of principal simplices {Ck}
∞
k=1 of T such that nk ≡ dim Ck ≥ 1, Ck ⊂ X\A and
d(Ck, Cℓ) ≥ 1 (k 6= ℓ), and (c) similar affine embeddings ϕk : B
nk → IntCk such that diamϕk(B
nk) <
εk and NX(ϕk(B
nk), εk) ⊂ IntCk for some εk ∈ (0, 1).
For Y = X, ϕk and χ we obtain the stability homeomorphism Φ : F × s
∞ → F .
By the choice of ϕk and Lemma 4.5 the following pairs (F1, S1) (G1 = F1) satisfy the conditions
(a) – (d) in Lemma 4.4:
(HA(X), s
∞), (Hloc LIPA (X),Σ
∞), (HLIPA (X), s
∞
b ), (H
LIP,c
A (X),Σ
∞
f ), (H
PL
A (X), σ
∞), (HPL,cA (X), σ
∞
f )
Note that for t = (tk)k ∈ s
∞, (a) if tℓ ∈ [−s, s]
∞ (0 ≤ s < 1), then G(t) : ϕℓ(B
nℓ)→ ϕℓ(B
nℓ) and also
G(t) : Cℓ → Cℓ are 1/(1− s)-Lipschitz homeomorphisms cf. [11, Lemma 1.4], and (b) if tk ∈ [−s, s]
∞
for each k, then G(t) : X → X is a K-Lipschitz homeomorphism for K = max{1/(1 − s), 3} by (a)
and the choice of Ck and εk.
Thus Φ induces the required stability homeomorphism of tuples. Since Φ(idX ,0) = idX , the
homeomorphism Φ preserves the identity components of the homeomorphism groups.
Proposition 4.2 (ii) follows from Proposition 4.1 (ii) and Lemma 4.2.
Proof of Proposition 4.2 (iii). We may assume that pk ∈ IntM \ X. For each k ≥ 1 we choose a
εk-open neighborhood Uk of the origin 0 in TpkM such that the exponential map exppk maps Uk
diffeomorphically onto a small open neighborhood Vk of pk in IntM \X with diamVk ≤ ε/3. Since
exppk is isometric at the origin of TpkM , if εk is so small, then exppk : Uk → Vk is a 2-Lipschitz
homeomorphism. We choose any ck-similar linear isomorphism θk : Rn → TpkM (ck > 0 small)
and consider the embeddings ϕk = exppk θk : B
n → M . If ck is small, then diamϕk(B
n) < δk
and NM (ϕk(B
n), δk) ⊂ Vk for some δk ∈ (0, ε/3). Note that ϕk : [−1, 1] → M , ϕk(t) = exppk tv
(v = θk(1), ‖v‖pk = ck), is a ck-similar homeomorphism onto a shortest geodesic ϕk([−1, 1]). For
Y = X, ϕk and χ we obtain the stability homeomorphism Φ : F × s
∞ → F .
By the choice of ϕk and Lemma 4.5 the following pairs (F1, S1) (G1 = F1) satisfy the conditions
(a) – (d) in Lemma 4.4:
(HX(M), s
∞), (Hloc LIPX (M),Σ
∞), (HLIPX (M), s
∞
b ), (H
LIP,c
X (M),Σ
∞
f )
Note that for t = (tk)k ∈ s
∞, (a) if tℓ ∈ [−s, s]
∞ (0 ≤ s < 1), then G(t) : Vℓ → Vℓ is a 4/(1 −
s)-Lipschitz homeomorphism, and (b) if tk ∈ [−s, s]
∞ for each k, then G(t) : X → X is a K-
Lipschitz homeomorphism for K = max{4/(1 − s), 3}. For the claim (a), we observe that G(t)|Vℓ =
exppℓ θℓ λ˜ℓ(tℓ) (θℓ)
−1 (exppℓ)
−1, where exppℓ : Uℓ → Vℓ is a 2-Lipschitz homeomorphism, θℓ : Wℓ ≡
θ−1ℓ (Uℓ)→ Uℓ is cℓ-similar, and λ˜ℓ(tℓ) : Wℓ →Wℓ is the extension of λℓ(tℓ) : B
n → Bn by the identity,
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which is a 11−s -Lipschitz homeomorphism since λℓ(tℓ) is so. The claim (b) follows from (a) and the
choice of ε, Vℓ and δℓ.
Therefore Φ induces the required stability homeomorphism of tuples. Since Φ(idM ,0) = idM , the
homeomorphism Φ preserves the identity components of the homeomorphism groups.
5. (s∞,Σ∞,Σ∞f , σ
∞
f )-manifolds
5.1. Characterization of (s, S1, · · · , Sl)-manifolds.
First we recall a general characterization of (s, S1, · · · , Sl)-manifold based upon the stability prop-
erty [14, Section 2.2]. We represent s as s =
∏
k∈NR (N = {1, 2, · · · }). For A ⊂ N we set c(A) = N\A,
s(A) =
∏
k∈A (−∞,∞) and let πA : s → s(A) denote the projection. For a subset S of s let
S(A) = πA(S) ⊂ s(A).
We assume that the model tuple (s, S1, · · · , Sl) satisfies the following condition (#):
(#1) each Si is a linear subspace of s and S1 is a σ Z-set of S1 itself,
(#2) Sl has the h.n. complement in s,
(#3) there exists a sequence An (n ≥ 1) of disjoint infinite subsets of N such that for each i = 1, · · · , l
and n ≥ 1 (a) minAn > n, (b) Si = Si(An) × Si(c(An)) and (c) (s(An), S1(An), · · · , Sl(An)) ∼=
(s, S1, · · · , Sl).
LetM(s, S1, · · · , Sl) denote the class of (l+1)-tuples (X,X1, · · · ,Xl) which has a closed embedding
h : X → s such that h−1(Si) = Xi (1 ≤ i ≤ l).
Theorem 5.1. A tuple (X,X1, · · · ,Xl) is a (s, S1, · · · , Sl)-manifold iff
(i) X is a separable completely metrizable ANR,
(ii) Xl has the h.n. complement in X,
(iii) (X,X1, · · · ,Xl) ∈ M(s, S1, · · · , Sl),
(iv)(Stability) (X,X1, · · · ,Xl) is (s, S1, · · · , Sl)-stable.
Proposition 5.1. (Homotopy Invariance) Suppose (X,X1, · · · ,Xl) and (Y, Y1, · · · , Yl) are (s, S1, · · · , Sl)-
manifolds. Then (X,X1, · · · ,Xl) ∼= (Y, Y1, · · · , Yl) iff X ≃ Y .
5.2. Characterization of (s∞,Σ∞,Σ∞f , σ
∞
f )-manifolds.
This subsection is devoted to the verification of Theorem 2.1 and Proposition 2.1. These statements
follow from Theorem 5.1, Proposition 5.1 and the next lemma.
Lemma 5.1. (1) The quadruple (s∞,Σ∞,Σ∞f , σ
∞
f ) satisfies the condition (#).
(2) The class M(s∞,Σ∞,Σ∞f , σ
∞
f ) coincides with the class M of quadruples (X,X1,X2,X3) such
that X is completely metrizable, X1 is Fσδ in X, X2 is σ-compact and X3 is σ-fd-compact.
Proof. (1) (#1) Σ∞ is a σ Z-set of Σ∞ itself since [−n, n]∞ (n ≥ 1) are Z-sets of Σ and Σ∞ =
Σ× Σ∞ = ∪n([−n, n]
∞ × Σ∞).
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(#2) Note that (s∞, σ∞f )
∼= (s, σ).
(#3) We identify s with s∞ =
∏
k∈N s =
∏
(k,i)∈N×NR by taking any linear ordering of N × N.
Take an appropriate sequence Bn (n ≥ 1) of disjoint infinite subsets of N so that An ≡ N × Bn
(n ≥ 1) satisfies the condition (a). It follows that (c) (s∞(An),Σ
∞(An),Σ
∞
f (An), σ
∞
f (An)) =
(s(Bn)
∞,Σ(Bn)
∞,Σ(Bn)
∞
f , σ(Bn)
∞
f )
∼= (s∞,Σ∞,Σ∞f , σ
∞
f ) and (b) (Σ
∞,Σ∞f , σ
∞
f ) = (Σ(Bn)
∞ ×
Σ(c(Bn))
∞,Σ(Bn)
∞
f × Σ(c(Bn))
∞
f , σ(Bn)
∞
f × σ(c(Bn))
∞
f ).
(2) The assertion follows from the next Lemma 5.2. The required closed embedding f : X →
s∞ is defined by f = χ(H,ϕ), where χ : ((s∞)2, (Σ∞)2, (Σ∞f )
2, (σ∞f )
2) ∼= (s∞,Σ∞,Σ∞f , σ
∞
f ) is a
homeomorphism of quadruples.
Lemma 5.2. (1) If (X,X1,X2,X3) is a quadruple such that X1 is Fσδ and X2 and X3 are Fσ in X,
then there exists a map ϕ : X → s∞ such that ϕ−1(Σ∞) = X1, ϕ
−1(Σ∞f ) = X2 and ϕ
−1(σ∞f ) = X3.
(2) For each (X,X1,X2,X3) ∈ M there exists a closed embedding H : X → s
∞ such that H(X) ⊂ Σ∞,
H(X2) ⊂ Σ
∞
f and H(X3) ⊂ σ
∞
f .
Proof. The proof is a modification of the argument of [14, §3.1].
(1) We can write X1 = ∩nAn, where An is a Fσ subset of X, and X2 = ∪nBn, where Bn is a closed
subset of X and Bn ⊂ Bn+1. By [14, Lemma 3.3 (i)] there exist (a) a map α : X → (−1, 1)
∞ ⊂ s
such that α−1((−1, 1)∞f ) = X3 and (b) maps βn : X → s such that β
−1
n (Σ) = An, βn(An) ⊂ σ and
β−1n (0) = Bn. The required map ϕ : X → s
∞ is defined by ϕ = (α, β1, β2, · · · ).
(2) Since X2 is σ-compact, there exists a closed embedding f : X → s such that f(X2) ⊂ Σ
[1]. Since Σ = ∪n[−n, n]
∞, we can write X2 = ∪
∞
n=1Cn so that each Cn is compact, Cn ⊂ Cn+1
and f(Cn) ⊂ [−n, n]
∞. Since (a) [−(n − 1), n − 1]∞ is a Z-set of [−n, n]∞, (b) [−n, n]∞ is a
Z-set of s and (c) σ has the h.n. complement in s, there exists a map fn : X → Σ such that
fn(X \ Cn) ⊂ σ \ [−n, n]
∞, fn|Cn : Cn → [−n, n]
∞ is an embedding, fn(Cn−1) ⊂ [−(n − 1), n − 1]
∞,
fn(Cn \ Cn−1) ⊂ [−n, n]
∞ \ [−(n − 1), n − 1]∞, fn(X3 ∩ Cn) ⊂ [−n, n]
∞
f and d(fn, f) <
1
n
, where
C0 = ∅ and d is a fixed complete metric on s. By [14, Lemma 3.4 (i)] the map F = (fn)n : X → s
∞
is a closed embedding such that F (X) ⊂ Σ∞, F (Cn) ⊂ Σ
n−1× [−n, n]∞ ×
∏
m≥n+1
[−(m− 1),m− 1]∞
and F (X3) ⊂ σ
∞.
We regard as Q = [−∞,∞]∞. For each n ≥ 1, there exists a map pn : Q → Q such that (a)
p−1n (0) = [−(n − 1), n − 1]
∞, (b) pn maps Q \ [−(n − 1), n − 1]
∞ homeomorphically onto Q \ 0, (c)
p−1n (s) = s and (d) if pn(x) = y then |yi| ≤ |xi| (i ≥ 1) so that pn(Σ) ⊂ Σ and pn(σ) ⊂ σ. This
follows from an easy shrinking argument based on the next claim.
Claim. For any neighborhoods U of [−n, n]∞ and V of 0 in Q, there exists a homeomorphism h :
Q→ Q such that h = id on Q\U , h(Q\s) = Q\s, h([−n, n]∞) ⊂ V and if h(x) = y, then |yi| ≤ |xi|
for each i ≥ 1.
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The homeomorphism h is obtained as h = hm × id, where m is sufficiently large and hm shrinks
[−n, n]m radially towards 0 in [−∞,∞]m. By the repeated application of Claim, we can construct a
sequence of homeomorphisms of Q which converges to the desired map pn : Q→ Q.
The map G =
∏
n pn : s
∞ → s∞ is a closed map and G(Σ∞) ⊂ Σ∞, G(σ∞) ⊂ σ∞. Hence the
map H = GF = (pnfn)n : X → s
∞ is a closed map and H(X) ⊂ Σ∞. It remains to show that
(i) H(X2) ⊂ Σ
∞
f , (ii) H(X3) ⊂ σ
∞
f and (iii) H is injective. (i) If x ∈ X2, then x ∈ Cn for some n
and it follows that fm(x) ∈ [−(m − 1),m − 1]
∞ and hence pmfm(x) = 0 for each m ≥ n + 1. (ii)
H(X3) ⊂ Σ
∞
f ∩ σ
∞ = σ∞f . (iii) Suppose x, y ∈ X and x 6= y. If x, y ∈ X2 then we may assume that
x ∈ Cn\Cn−1 and y ∈ Cn. The choice of fn implies that fn(x) 6= fn(y) and fn(x) 6∈ [−(n−1), n−1]
∞.
By the choice pn we have pnfn(x) 6= pnfn(y) and so H(x) 6= H(y). If x 6∈ X2, then since F is injective,
we have fn(x) 6= fn(y) for some n ≥ 1, and since x 6∈ Cn we have fn(x) 6∈ [−n, n]
∞. Again, by the
choice pn we have pnfn(x) 6= pnfn(y) and H(x) 6= H(y). This completes the proof.
5.3. Characterization of (s∞,Σ∞, s∞b , σ
∞
f )-manifolds.
The next proposition clarifies the relation between s∞b and Σ
∞
f in s
∞.
Proposition 5.2. (s∞,Σ∞,Σ∞f , σ
∞
f )
∼= (s∞,Σ∞, s∞b , σ
∞
f ).
To prove this statement we need a similar characterization of (s∞,Σ∞, s∞b , σ
∞
f )-manifolds.
Proposition 5.3. A quadruple (X,X1,X2,X3) is a (s
∞,Σ∞, s∞b , σ
∞
f )-manifold iff
(i) X is a completely metrizable ANR,
(ii) X3 has the h.n. complement in X,
(iii) X1 is Fσδ in X, X2 is σ-compact, X3 is σ-fd-compact,
(iv) (X,X1,X2,X3) is (s
∞,Σ∞, s∞b , σ
∞
f )-stable.
Proposition 5.4. Suppose (X,X1,X2,X3) and (Y, Y1, Y2, Y3) are (s
∞,Σ∞, s∞b , σ
∞
f )-manifolds. Then
(X,X1,X2,X3) ∼= (Y, Y1, Y2, Y3) iff X ≃ Y .
The quadruple (s∞,Σ∞, s∞b , σ
∞
f ) satisfies the condition (#). This is verified by the same observa-
tion as in Lemma 5.1. Therefore Propositions 5.3 and 5.4 follow from Theorem 5.1, Proposition 5.1
and the following lemma.
Lemma 5.3. The classM(s∞,Σ∞, s∞b , σ
∞
f ) coincides with the classM of quadruples (X,X1,X2,X3)
such that X is completely metrizable, X1 is Fσδ in X, X2 is σ-compact and X3 is σ-fd-compact.
Proof. Let (X,X1,X2,X3) ∈ M. By Lemma 5.1(2) there exists a closed embedding h : X → s
∞
such that h−1(Σ∞) = X1, h
−1(Σ∞f ) = X2 and h
−1(σ∞f ) = X3. Note that h(X2) ⊂ Σ
∞
f ⊂ s
∞
b .
There exists a map α : X → s such that α−1(Σ) = X2 and α
−1(σ) = X3 [14, Lemma 3.3 (ii)].
The required closed embedding f : X → s∞ is defined by f = ψ(α, h), where the homeomorphism
ψ : (s× s∞, s× Σ∞,Σ× s∞b )
∼= (s∞,Σ∞, s∞b ) is defined by ψ((xi)i, (yk)k) = ((xk,yk))k.
16
Proof of Proposition 5.2. Since ((s∞)2, (Σ∞)2, (s∞b )
2, (Σ∞f )
2, (σ∞f )
2) ∼= (s∞,Σ∞, s∞b ,Σ
∞
f , σ
∞
f ), the prod-
uct ((s∞)2, (Σ∞)2,Σ∞f ×s
∞
b , (σ
∞
f )
2) satisfies both (s∞,Σ∞,Σ∞f , σ
∞
f )- and (s
∞,Σ∞, s∞b , σ
∞
f )-stability.
Hence by Theorem 2.1 and Proposition 5.3 ((s∞)2, (Σ∞)2,Σ∞f ×s
∞
b , (σ
∞
f )
2) is both an (s∞,Σ∞,Σ∞f , σ
∞
f )-
and an (s∞,Σ∞, s∞b , σ
∞
f )-manifold. Thus by Propositions 2.1 and 5.4 we have
(s∞,Σ∞,Σ∞f , σ
∞
f )
∼= ((s∞)2, (Σ∞)2,Σ∞f × s
∞
b , (σ
∞
f )
2) ∼= (s∞,Σ∞, s∞b , σ
∞
f ).
6. Some problems
We conclude this paper with some problems.
Problem 1. Suppose M is a connected noncompact complete Riemannian 2-manifold with a C1-
triangulation and X is a compact subpolyhedron of M . Is the quadruple
(HX(M)0,H
loc LIP
X (M)0,H
LIP
X (M)0,H
PL,c
X (M)0)
a (s∞,Σ∞,Σ∞f , σ
∞
f )-manifold ?
As noted in Section 4.1, if every complete Riemannian manifold admits a Lipschitz PL-embedding
into some Euclidean space, then this follows from the corresponding statement for Euclidean PL
2-manifolds.
Problem 2. SupposeM is a Riemann surface with a QC-triangulation and X is a compact subpoly-
hedron of M .
(i) When M is compact, is the triple (HX(M),H
QC
X (M),H
PL
X (M)) a (s,Σ, σ)-manifold ?
(ii) When M is connected and noncompact, is the quadruple (HX(M)0,H
locQC
X (M)0,H
QC
X (M)0,H
PL,c
X (M)0)
a (s∞,Σ∞,Σ∞f , σ
∞
f )-manifold ?
In [17] we have proved the corresponding statement for the pair (H(M)0,H
QC(M)0). However,
our stability argument does not enable us to include the subgroup HPL,cX (M)0
Lipschitz homeomorphisms are Ho¨lder continuous and QC-homeomorphisms are locally Ho¨lder
continuous. We expect that this observation leads to a systematic treatment of these groups.
Problem 3. Is there a unified approach to treat the groups of Ho¨lder, QC, Lipschitz and PL home-
omorphisms ?
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